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Abstract

In order to understand the nature of thermocapillary convection under microgravity in a differentiallyheated annular pool with th
outer heated container of radiusro = 40 mm and the inner cooled cylinder ofri = 20 mm, and an adjustable depthd = 3–14 mm, we
conducted a series of unsteady two-dimensional numerical simulations with the finite volume method. The pool was filled with the
silicone oil (Prandtl numberPr = 6.7). With a large enough temperature difference in the radial direction, the simulation can p
oscillatory thermocapillary flows. Hopf bifurcation neutral curve is delineated in the thermocapillary Reynolds number (Re)-aspect ratio
(A = (ro − ri)/d) plane. It is found that time-dependent motion is only possible ifA exceeds a critical valueAcri which is around 2.29
Streamline and isotherm patterns are presented at different thermocapillary Reynolds number and the aspect ratio corresponding to station
and oscillatory states.
 2004 Elsevier SAS. All rights reserved.
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1. Introduction

Understanding fluid motion is very important in crys
growth from the melt. Generally, single crystals with u
form material properties are desired, but homogeneit
crystals can be destroyed if melt motion is unsteady [1]
a micro-gravity environment or a shallow liquid layer, th
mocapillarity is the major cause for melt convection. It
known that convection becomes oscillatory when the t
perature difference along the free surface exceeds a cr
value. In the past few decades, thermocapillary convec
has received much attention from both fundamental and
dustrial aspects. Levich and Krylov [2], Ostrach [3] a
Davis [4] provided good reviews on early studies. At t
same time, many numerical simulations were also perfor
for low and highPr fluids. Ben Hadid and Roux [5–7
considered the two-dimensional (2-D) thermocapillary a
thermocapillary-buoyancy convection of fluid with lowPr
number,Pr = 0.015, in cavities of various aspect ratios(A),
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and showed the existence of a multicellular steady flow,
a transition from steady to oscillatory flow when theMa
number exceeds a critical value. Villers and Platten [8] h
carried out both experiments and 2-D simulations for ac
tone (Pr = 4), and have confirmed the existence of the m
ticellular flow. Peltier and Biringen [9] reported the resu
of 2-D numerical simulation of oscillatory thermocapilla
convection of a fluid with moderatePr = 6.78 in cavities
and provided a stability diagram in the (A,Ma)-plane. They
found a minimum criticalA near 2.3 and a minimum crit
ical Ma near 20 000 within the range ofA � 3.8. Xu and
Zebib [10] further performed 2-D calculations for fluid
with 1 < Pr < 10 in cavities and determined the neut
curves for the Hopf bifurcation as a function of the capilla
Reynolds number and aspect ratio. On the other hand, m
experiments of thermocapillary flow subjected to a horiz
tal temperature gradient along the upper free surface
rectangular geometries [11–18] and annular geometry
22] were carried out in normal gravity. The character
various 2-D and three-dimensional (3-D) thermocapill
convections was examined and the existence of thermoc
lary instabilities [23] was demonstrated. Recently, Schw
et al. [24,25] reported a successful thermocapillary conv
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Nomenclature

A aspect ratio,= (ro − ri )/d

d depth. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
Ma Marangoni number,= γT �T (ro − ri )/(µα)

p pressure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
P non-dimensional pressure,= p/(ρν2/r2

o )

Pr Prandtl number,= ν/α

r radius . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
R non-dimensional radial coordinate
Re thermocapillary Reynolds number,

= γT �T d/(νµ)

t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
V non-dimensional velocity vector
V non-dimensional velocity
z axial coordinate . . . . . . . . . . . . . . . . . . . . . . . . . . m
Z non-dimensional axial coordinate

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

γT temperature coefficient of surface
tension . . . . . . . . . . . . . . . . . . . . . . . . . N·m−1·K−1

µ dynamic viscosity . . . . . . . . . . . . . . . kg·m−1·s−1

ν kinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

Θ non-dimensional temperature,
= (T − TC)/(TH − TC)

ρ density of the fluid . . . . . . . . . . . . . . . . . . kg·m−3

τ non-dimensional time
ψ non-dimensional stream function

Subscripts

C cooled
cri critical
H heated
i inner
o outer
r radial
z axial
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tion experiment under microgravity in the Russian sate
FOTON-12. In this experiment, an annular gap with an ou
heated container of radiusro = 40 mm and an inner coole
cylinder of ri = 20 mm, and an adjustable depth ofd =
2.5−20 mm, was subjected to various radial tempera
gradients. They observed the stationary structure of con
tric multirolls for small Marangoni number, hydrotherm
waves for largerMa, and more complicated temperature o
cillations foreven higherMa. They also measured the ons
of oscillations under microgravity and under normal gr
ity, and found a significant stabilization of thermocapillary
convection by the action of gravity. In the present stu
we report on results of unsteady 2-D numerical simulati
to understand the nature of thermocapillary convection
moderatePr fluid in an annular pool with the same radius
Schwabe experiment subjected to a horizontal tempera
gradient.

2. Physical and mathematic models

2.1. Basic assumptions and governing equations

We analyze the thermocapillary flow of the 0.65cSt
icone oil (Pr = 6.7) in a differentially heated annular po
of depthd , inner radiusri and outer radiusro, as shown
schematically in Fig. 1. The bottom boundary is rigid wh
the top boundary is a non-deformable flat free surface o
to a passive gas. Both bottom and top boundaries are
sumed to be adiabatic. The inner and outer cylinders
maintained at constant temperaturesTC andTH (TH > TC),
respectively. The horizontal temperature gradient varies
the radial direction, so that the convection is generated b
-

-

Fig. 1. Physical model.

the surface tension gradient on the top surface. The follow
ing assumptions are introduced in our model: (1) Silicone
is an incompressible Newtonian fluid and the Boussine
approximation is applicable except for the surface tens
(2) The velocity is small and the flow is the 2-D lamin
(3) At the top free surface, the thermocapillary force is ta
into account. At other solid–liquid boundaries, the no-s
condition is applied. The problem is non-dimensionalize
by usingr2

o /ν, ro, ν/ro, (TH − TC) and ρν2/r2
o as scale

quantities for time, length, velocity, temperature and pr
sure, respectively.

With the above assumptions, the flow and heat tran
equations are expressed in a non-dimensional form
follows.

∇ · V = 0 (1)
∂V

∂τ
+ V · ∇V = −∇P + ∇2V (2)

∂Θ

∂τ
+ V · ∇Θ = 1

Pr
∇2Θ (3)

The boundary conditions are: at the free surface (Z =
d/ro, ri/ro < R < 1)

∂Vr = ARe ∂Θ
(4a)
∂Z 1− ri/ro ∂R
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Table 1
Physical properties of silicone oil at 20◦C

ν [m2·s−1] α [m2·s−1] ρ [kg·m−3] γT [N·(mK)−1] Pr

0.65× 10−6 0.97× 10−7 760 −8.5× 10−5 6.7

Vz = 0 (4b)
∂Θ

∂Z
= 0 (4c)

at the bottom (Z = 0, ri/ro < R < 1)

Vr = 0 (5a)

Vz = 0 (5b)
∂Θ

∂Z
= 0 (5c)

at the inner cylinder (R = ri/ro, 0 � Z � d/ro)

Vr = 0 (6a)

Vz = 0 (6b)

Θ = 0 (6c)

at the outer cylinder (R = 1, 0� Z � d/ro)

Vr = 0 (7a)

Vz = 0 (7b)

Θ = 1 (7c)

where the nondimensional parameters:Re= γT (TH −TC)d/

(µν) andPr = ν/α, are the thermocapillary Reynolds num
ber and the Prandtl number, respectively. The thermoph
cal properties of silicone oil at 20◦C are listed in Table 1.

The velocity field is displayed in terms of the no
dimensional stream functionΨ , which is defined as

Vr = − 1

R

∂ψ

∂Z
, Vz = 1

R

∂ψ

∂R
(8)

This definition results in positive value ofψ for a clockwise
flow and negative for counter-clockwise flow.

2.2. Numerical method

The fundamental equations are discretized by the fi
volume method. The central difference approximation is
plied to the diffusion terms while the second order upw
scheme is used for the convective terms. The HSMAC
gorithm is used to correct simultaneously the pressure
the velocities. In this study,non-uniform staggered grids o
62r × (22− 42)z are used. In order to check the grid conv
gence, simulations with three set different meshes, as sh
in Table 2, are performed for the liquid layer ofd = 3 mm

Table 2
Mesh dependence

Mesh 52r × 16z 62r × 22z 72r × 32z

Frequency [Hz] 0.058122 0.058594 0.058608
at �T = 2 K. These three sets of grids produced sim
flow patterns and oscillation characteristics. However,
frequency of temperature oscillation at the free surface m
itoring pointP (r = 30 mm) showed small grid dependen
Therefore, the meshes selected in this study are sufficien
accurate simulation. For other depths, sufficient grid con
gence was confirmed as well for each mesh. Validation
the code for the thermocapillary flow simulation was ca
fully done by comparing our simulation solutions with t
experimental results in Refs. [24,25]. Details of comp
son are provided in Section 3.3. The non-dimensional t
increment was chosen between 10−6 and 4× 10−6, which
corresponds approximately to(2−8) × 10−3 seconds. The
convergence at each time step was assumed if the maxi
non-dimensional residual error of the continuity equat
among all control volumes became less than 10−7.

3. Results and discussion

3.1. Stability diagram

In order to determine the Hopf bifurcation neutral cur
a series of numerical simulations has been conducted fo
annular pool depthsd from 3 mm to 14 mm (correspondin
to aspect ratioA = (ro − ri )/d from 6.67 to 1.43) and
the temperature differences along the free surface f
0.5 K to 20 K. Fig. 2 shows the stability diagram and t
experimental results [24,25]. It is found that there exist
critical aspect ratioAcri = 2.29, below which the flow is
stable in the considered range of thermocapillary Reyn
number. Because the real flow is the 3-D flow, this 2
simulation predicts the low first critical Reynolds number

When the aspect ratioA exceeds the critical value, the
exists an unstable region bounded by two different critical
Reynolds numbers, i.e., asRegoes up, the flow first change
from steady to oscillatory atRecri1, and then becomes stab
again whenRecri2 is reached.Recri2 grows monotonically

Fig. 2. Stability diagram.
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with A while Recri1 does not. We compare critical Reynol
numbers in the annular pools with these obtained by Pe
and Biringen [9] and Xu and Zebib [10] in cavities. It
found that the first critical value in the annular pool
slightly higher than that in cavities, but the second criti
value goes up much quickly comparing with the results
cavities, as shown in Fig. 2.

3.2. Steady thermocapillary flow

A set of typical simulation streamlines and isotherms fo
steady thermocapillary convection is presented in Fig. 3
When the depth exceeds 5 mm, the flow field is unicellular
with rapid inward flow from the hot outer cylinder to th
cold inner cylinder along the free surface and a return fl
towards the outside near the bottom. On the contrar
small second co-rotating roll cell appears in fluid layers
d � 4 mm and the strength of the second co-rotating
cell increases as the temperature difference along the
surface. Convection due to the flow cell motion causes
thermal boundary layers near the inner and outer cylind
Large temperature drops occur across those boundary l
 s

so that the effective temperature gradient near the center
the annulus is lower than the imposed temperature grad
With increasing of the depth, the thermal boundary lay
become much more important. Whend > 6 mm, it can
be found that there is almost no temperature drop in
middle of the annular pool, all the temperature drop ta
place in the vertical boundary layers. The simulated sur
temperature and velocity distributions are shown in Fig. 3
and (c), respectively, for the cases ofd = 3, 7 and 11 mm
at �T = 1 K. Because of the thin thermal boundary lay
the surface temperature exhibits a large radial temperatur
gradient in the region close to the inner and outer cylind
and, as a result, the surface velocity is relatively large
these regions. For all depths, the maximum radial velo
appears on the free surface and near the inner cylin
Because of the large surface velocity, it is found that
interior becomes cooler thanthe free surface just abov
That means the thermal stratification is evident. The vertica
temperature profiles depend mainly on the depth of liq
layer. For small depth, the vertical temperature gradien
large and almost uniform alongz direction. When depth
Fig. 3. Steady thermocapillary flow. (a) Streamlines and isotherms. (b) Distribution of surface temperature. (c) Distribution of surface radial velocity.
(d) Temperature profiles as a function ofz atR = 0.75.
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increases, this gradient increases near the bottom, where t
thermal boundary layers are formed. However, it beco
almost zero in 0.35< z/d < 0.8, even, an inversion of th
vertical gradient can be observed in this region whend �
9 mm, as shown in Fig. 3(d).

3.3. Oscillatory thermocapillary flow

When the aspect ratio exceeds the critical value,
example,A = 6.67 (d = 3 mm), the flow cell near the ho
cylinder is strengthened with the increase in tempera
difference�T . Further increase in�T to the first critical
point, which is around 1.8 K, causes the thermocapil
convection to oscillate very weakly. When�T exceeds the
first critical point, oscillatory thermocapillary convectio
appears. Fig. 4(a) and (b) show the snapshots of stream
and isotherms at four instances at�T = 2 and 6 K,
respectively. When�T = 2 K, the flow cells originate
near the inner cylinder, travel along the radial direction a
merge into the stable strong cell near the outer cylin
These moving cells are similar with the hydrothermal wa
reported by Smith and Davis [23] from linear stabil
analysis. When�T increases, for example,�T = 6 K,
the strong cell near the hot cylinder becomes unstable
Fig. 4. Snapshots of streamlines and isotherms at four instances and temperature fluctuations at the monitoring pointP for the liquid layer ofd = 3 mm.
(a) �T = 2 K. (b) �T = 6 K.

Fig. 5. Fourier spectra of temperature fluctuations at the monitoring pointP for the liquid layers ofd = 3 mm.
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Fig. 6. Frequency of local surface temperature oscillations at the monito
point P .

this case, the strong cell extends and contracts along th
radial direction, which makes temperature fluctuations at th
monitoring pointP to become more and more complicate
as shown in Fig. 4(b). The frequency of the flow ce
moving is different from that of the strong cell extendi
and contracting. Fig. 5 gives the results of Fourier spe
of temperature fluctuations at the monitoring pointP for
the liquid layers ofd = 3 mm. Obviously, single frequenc
is obtained for the small temperature difference�T , but
many frequency peaks appear at increased�T . Fig. 6 shows
the main frequency of local surface temperature oscillat
at the monitoring pointP as a function of temperatur
difference�T for d = 3 mm. Obviously, the main frequenc
jumps when�T exceeds about 5 K. This trend is simil
with the experimental results of Schwabe and Benz [24
and the 3-D simulation results [26]. Furthermore, compa
Fig. 4 and Fig. 10 in Ref. [26], it is found that the 2-
and 3-D simulations predicted the similar flow pattern a
oscillatory characteristics. Therefore, the 2-D simulat
results can help us greatly in understanding the oscilla
flow mechanism.

With the increasing of the depth, the number of
moving cells decreases. When the depth exceeds 6
there exists only one strong cell near the hot cylind
Fig. 7 shows snapshots of streamlines and isotherms a
instances at�T = 2 K andd = 7 mm. When the strong ce
extends along the radial direction, it occupies the empty p
and intensity decreases. But when it contracts toward
hot cylinder, intensity increases and another small coun
clockwise is formed near the cold cylinder which resu
in the more complicated temperature fluctuations at
monitoring pointP .

Schwabe and Benz [25] reported the measured perio
oscillations as a function ofpool depth under a constant�T .
Fig. 8 shows the simulated frequency periods and
experimental results [25] at different liquid depths for
constant value of�T = 3 K. The agreement is fairly goo
for the shallow layers, but the present simulations could
,

Fig. 7. Snapshots of streamlines and isotherms at four instances
temperature fluctuations at the monitoring pointP for the liquid layer
of d = 7 mm. (P1) τ0, ψ(−) = −9.73, δψ = 1.0, δΘ = 0.1;
(P2) τ0 + τp/6, ψ(−) = −9.94, δψ = 1.0, δΘ = 0.1; (P3)
τ0 + 2τp/6, ψ(−) = −11.24, ψ(+) = 0.33, δψ = 1.0, δΘ = 0.1;
(P4) τ0 + 3τp/6, ψ(−) = −11.80, ψ(+) = 1.43, δψ = 1.0, δΘ = 0.1;
(P5) τ0 + 4τp/6, ψ(−) = −12.07, δψ = 1.0, δΘ = 0.1; (P6)
τ0 + 5τp/6, ψ(−) = −11.31, δψ = 1.0, δΘ = 0.1.

Fig. 8. Comparison between simulations and experiments on the oscill
period.

reproduce the dip in the periods experimentally obser
atd = 8 mm.

4. Conclusions

A series of 2-D numerical simulations of the thermoca
lary convections in annular pools of silicon oil withPr = 6.7
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were conducted by means of the finite volume method.
results showed time-dependent convection is possibleA
exceeds a critical valueAcri which is around 2.29. Hop
bifurcation neutral curve is delineated in the thermocapi
lary Reynolds number—aspect ratio plane. For the sha
layer, the flow cells originate near the inner cylinder, tra
along the radial direction and merge into the stable str
cell near the outer cylinder. These moving cells are si
lar with the hydrothermal wave. In the deep pool, only o
strong cell extends and contracts along the radial direc
Good agreements on oscillatory frequency and period w
found between the simulation results and the experime
ones of Schwabe and Benz [24,25].
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